Abstract. In this paper we establish some parabolicity criteria for maximal surfaces immersed into a Lorentzian product space of the form M 2 × R 1 , where M 2 is a connected Riemannian surface with non-negative Gaussian curvature and M 2 × R 1 is endowed with the Lorentzian product metric , = , M − dt 2 . In particular, and as an application of our main result, we deduce that every maximal graph over a starlike domain Ω ⊆ M is parabolic. This allows us to give an alternative proof of the non-parametric version of the Calabi-Bernstein result for entire maximal graphs in M 2 × R 1 .
Introduction
A maximal surface in a 3−dimensional Lorentzian manifold is a spacelike surface with zero mean curvature. Here by spacelike we mean that the induced metric from the ambient Lorentzian metric is a Riemannian metric on the surface. The mathematical interest of maximal surfaces resides in the fact that they locally maximize area among all nearby surfaces having the same boundary [6, 3] . Furthermore, maximal surfaces and, more generally spacelike surfaces with constant mean curvature, have also a great importance in General Relativity [9] .
Parabolicity is a concept that lies in the borderline between several branches of mathematics, such as Riemannian Geometry, Stochastic Analysis, Partial Differential Equations and Potential Theory. Let us recall that a Riemannian surface (Σ, g) with non-empty boundary, ∂Σ = ∅, is said to be parabolic if every bounded harmonic function on Σ is determined by its boundary values. It is interesting to observe that the parabolicity of Σ is equivalent to the existence of a proper nonnegative superharmonic function on Σ (see beginning of Section 3; for details see [10] and [11] ).
Classically, a Riemannian surface without boundary is called parabolic if it does not admit a nonconstant negative subharmonic function. In fact, in [1] we considered that definition of parabolicity. However, along this work we will reserve the term parabolicity for Riemannian surfaces with non-empty boundary, and we will use the term recurrence for Riemannian surfaces without boundary. A Riemannian surface (Σ, g) without boundary is called recurrent if for every nonempty open set O ⊂ Σ with smooth boundary, Σ \ O is parabolic (as a surface with boundary). It is worth pointing out that the concept of recurrence is equivalent to the classical concept of parabolicity (for surfaces without boundary). This follows from the observation that a Riemannian manifold without boundary is recurrent precisely when almost all Brownian paths are dense in the manifold (for the details, see [10] and [7, Theorem 5.1] ).
In [4] Fernández and López have recently proved that properly immersed maximal surfaces with non-empty boundary in the Lorentz-Minkowski spacetime R [5] ). Motivated by that work, in this paper we study some parabolicity criteria for maximal surfaces immersed into a Lorentzian product space of the form M 2 × R, where M 2 is a connected Riemannian surface and M 2 × R is endowed with the Lorentzian metric
Here π M and π R denote the projections from M × R onto each factor, and , M is the Riemannian metric on M. For simplicity, we will simply write
and we will denote by M 2 ×R 1 the 3-dimensional product manifold M 2 ×R endowed with that Lorentzian metric. Observe that in particular, when M 2 = R 2 is the flat Euclidean plane what we obtain is the well known
A natural generalization of the Lorentzian norm on a surface in R 3 1 to the Lorentzian product M 2 × R 1 consists in considering the function φ = r 2 − h 2 where the function r measures the distance on the factor M to a fixed point x 0 ∈ M and h ∈ C ∞ (Σ) is the height function of the surface Σ (for the details, see Section 3). In this context, our main result is Theorem 3 which asserts that given a complete Riemannian surface M 2 with non-negative Gaussian curvature, then every maximal surface in M 2 × R 1 with non-empty boundary and such that the function φ : Σ→R is eventually positive and proper is parabolic. In particular, and as an application of this result, we deduce that every maximal graph over a starlike domain Ω ⊆ M is 
Preliminaries
A smooth immersion f : Σ 2 → M 2 × R 1 of a connected surface Σ 2 is said to be a spacelike surface if f induces a Riemannian metric on Σ, which as usual is also denoted by , . In that case, since
is a unitary timelike vector field globally defined on the ambient spacetime M 2 × R 1 , then there exists a unique unitary timelike normal field N globally defined on Σ which is in the same time-orientation as ∂ t , so that
We will refer to N as the future-pointing Gauss map of Σ, and we will denote by Θ : Σ→ (−∞, −1] the smooth function on Σ given by Θ = N, ∂ t . Observe that the function Θ measures the hyperbolic angle θ between the future-pointing vector fields N and ∂ t along Σ. Indeed, they are related by cosh θ = −Θ.
Let ∇ and ∇ denote the Levi-Civita connections in M 2 × R 1 and Σ, respectively. Then the Gauss and Weingarten formulae for the spacelike surface f :
for every tangent vector fields X, Y ∈ T Σ. Here A : T Σ→T Σ stands for the shape operator (or second fundamental form) of Σ with respect to its future-pointing Gauss map N.
so that the gradient of h on Σ is
Throughout this paper, for a given vector field Z along the immersion, we will denote by Z ⊤ ∈ T Σ its tangential component; that is,
In particular, ∇h = −∂ t − ΘN and we easily get
where · denotes the norm of a vector field on Σ. Since ∂ t is parallel on M 2 × R 1 we have that
for every tangent vector field X ∈ T Σ. Writing ∂ t = −∇h − ΘN along the surface Σ and using Gauss (1) and Weingarten (2) formulae, we easily get from (4) that
for every X ∈ T Σ. Therefore the Laplacian on Σ of the height function is given by
where H = −(1/2)trA is the mean curvature of Σ relative to N. In particular,
In turn, we associate toψ ∈ C ∞ (M) the function ψ ∈ C ∞ (Σ) given by ψ =ψ • f . In this context, the Laplacian on Σ of ψ can be expressed in terms of the Laplacian ∆ ofψ and the differential operators ofψ as follows.
where Proof. Since∇ψ = ∇ψ − ∇ψ , N N, we get from (1) and (2) that the Hessian operators ofψ and ψ satisfȳ
for every X ∈ T Σ. Therefore, it can be easily seen that
Observe now that, as the functionψ does not depend on t, then∇ψ(x, t) =∇ψ(x). Thus,∇ N∇ψ =∇ N * ∇ψ and
so that the lemma follows directly from (8).
Parabolicity of maximal surfaces
Our main result in this section generalizes [4, Theorem 3.1] (see also [5, Theorem 4.2] ) to the case of maximal spacelike surfaces in M × R 1 , when M is a complete Riemannian surface with non-negative Gaussian curvature. In that case, consider the functionr : M→R defined byr(x) = dist M (x, x 0 ) where x 0 ∈ M is a fixed point. Observe thatr ∈ C ∞ (M) almost everywhere. Actually,r is smooth on M \ Cut(x 0 ), where Cut(x 0 ) stands for the cut locus of x 0 . As is well-known, dimCut(x 0 ) < 2 and Cut(x 0 ) is a null set.
Following our notation above, letr(x, t) =r(x) denote the lifting ofr to M 2 × R 1 , and for a given spacelike surface f :
where , stands for the Riemannian metric on Σ induced from the Lorentzian ambient space. That means that Π is a local diffeomorphism which increases the distance between the Riemannian surfaces Σ and M , and by [8, Chapter VIII, Lemma 8.1] Π is a covering map(for the details, see Lemma 3.1 in [1] ). Therefore, dim Π −1 (Cut(x 0 )) = dimCut(x 0 ) < 2 and the function r is smooth almost everywhere in Σ.
The proof of our main result is based on the following technical lemma.
Lemma 2. Let Σ 2 be a Riemannian surface with non-empty boundary, ∂Σ = ∅. If there exists a proper continuous function ψ : Σ → R which is eventually positive and superharmonic, then Σ is parabolic.
As is usual, by eventually we mean here a property that is satisfied outside a compact set.
Proof. The proof follows the ideas of the proof of an analogous criterium for proper smooth functions given by Meeks and Pérez [10, 11] . For the sake of completeness, we sketch it here. It suffices to see that if ϕ is a bounded harmonic function on Σ which vanishes on the boundary, ϕ| ∂Σ ≡ 0, then ϕ is constant zero. Let K ⊂ Σ be a compact subset such that ψ is positive and superharmonic on Σ \ K. It suffices to show that ϕ| Σ\K ≡ 0. Let us assume that there exists a point p 0 ∈ Σ \ K such that ϕ(p 0 ) = 0. Since ψ(p 0 ) > 0, there is a constant a ∈ R with aϕ(p 0 ) > ψ(p 0 ) > 0. Since ϕ is harmonic, the function η = ψ − aϕ : Σ \ K → R is superharmonic on Σ \ K. Besides, since ψ is proper and positive on Σ \ K, then η is positive outside the compact subset
Finally, since η(p 0 ) < 0, η must reach its minimum on Σ \ K at an interior point, which is a contradiction by the minimum principle for superharmonic functions.
Now we are ready to prove our main result.
Theorem 3. Let M 2 be a complete Riemannian surface with non-negative Gaussian curvature. Consider Σ a maximal surface in M 2 × R 1 with non-empty boundary, ∂Σ = ∅, and assume that the function φ : Σ→R defined by
is eventually positive and proper. Then Σ is parabolic.
It is worth pointing out that the assumption on the non negativity of the Gaussian curvature of M is necessary. Actually, let M 2 = H 2 and consider Ω ⊂ H 2 a connected domain with smooth boundary. Then, for a fixed t 0 ∈ R, Σ t 0 = {(x, t 0 ) ∈ H 2 × R : x ∈ Ω} is trivially a non-parabolic maximal surface in H 2 ×R on which φ is eventually positive and proper.
Proof. Let a > 1, and consider K = {p ∈ Σ : φ(p) ≤ a} ⊆ Σ. K is compact because φ is eventually positive and proper. As is well known, parabolicity is not affected by adding or removing compact subsets, so that Σ is parabolic if and only if Σ \ K is parabolic.
The function log φ : Σ \ K→R is a proper positive function on Σ \ K. Therefore, in order to prove that Σ \ K is parabolic it suffices to see that log φ is superharmonic on Σ \ K. Equivalently, it suffices to see that log φ is superharmonic on the dense subset Σ ′ ⊂ Σ \ K where it is smooth. In what follows, we will work on that subset Σ ′ . From (3) and (6) we get
On the other hand, as the functionr does not depend on t then∇r(x, t) =∇r(x) and∆r(x, t) =∆r(x). Therefore,
∆r 2 (x, t) = 2r(x, t)∆r(x, t) + 2 ∇r (x, t) 2 = 2(r(x)∆r(x) + 1), since, as is well-known, ∇r 2 = ∇r 2 M = 1. Applying now Lemma 1 to ψ = r 2 we get
To study the last term of (11) we will compute first the Hessian ofr 2 on M at a point x. For v, w ∈ T x M we havê
In particular, for τ ⊥ M∇r of unit length τ M = 1 we get ∇ 2r 2 (∇r(x),∇r(x)) = 2,
As any v ∈ T x M can be decomposed as
we finally obtain∇
Therefore, along the surface Σ ′ we have that
, and (11) becomes
Now, from (9) and (12) we get that
As M 2 is complete and has non-negative Gaussian curvature, by the Laplacian comparison theorem we have that∆r ≤ 1/r, so that r∆r ≤ 1 on Σ ′ . Using this in (13), we obtain that
since N * 2 = Θ 2 − 1. On the other hand, ∇φ = 2r∇r − 2h∇h, and so
Observe that∇r = ∇r − ∇r , N N and ∂ t = −∇h − ΘN. Taking into account that ∇r 2 = 1 and ∇r , ∂ t = 0, it follows from here that ∇r 2 = 1 + ∇r , N 2 , and ∇r, ∇h = −Θ ∇r , N , which jointly with (3) implies that
Therefore, from (14) and (15) we finally get
which means that log φ is a proper positive superharmonic function on Σ ′ . Then, Σ ′ is parabolic, and Σ is also parabolic.
It is interesting to look for some natural conditions under which the assumptions of Theorem 3 are satisfied. In this context, we have the following result.
Proposition 4. Let M
2 be a complete Riemannian surface and let f : Σ 2 →M 2 × R 1 be a proper spacelike immersion which eventually lies in
for some 0 < a < 1. Then the function φ = r 2 − h 2 is eventually positive and proper on Σ.
Corollary 5. Let M 2 be a complete Riemannian surface with non-negative Gaussian curvature. Then every proper maximal immersion f : Σ 2 →M 2 × R 1 with non-empty boundary which eventually lies in W a for some 0 < a < 1, is parabolic.
Proof of Proposition 4. Since f (Σ) eventually lies in W a , then there exists a compact set K ⊂ Σ such that h 2 ≤ a 2 r 2 and φ = r 2 − h 2 > a 2 r 2 − h 2 ≥ 0 on Σ \ K. In order to see that φ is proper, it suffices to prove that (
. Since f is proper, then it suffices to prove thatφ
Observe that for every (x, t) ∈ W a one has
Therefore, for every (x, t) ∈φ
This implies thatφ
, where B(x 0 , c) denotes the geodesic disc on M of radius c centered at x 0 (see Figure 1) . SinceB(x 0 , c) × [−ac, ac] is compact, the result follows.
is compact under the assumptions of Proposition 4.
On the other hand, recall that a Riemannian surface (Σ, g) without boundary is called recurrent if for every nonempty open set O ⊂ Σ with smooth boundary, Σ \ O is parabolic (as a surface with boundary). Therefore, as another consequence of our Theorem 3 we can state the following. Corollary 6. Let M 2 be a complete Riemannian surface with non-negative Gaussian curvature, and let Σ be a maximal surface in M 2 × R 1 without boundary, ∂Σ = ∅. If the function φ = r 2 − h 2 is eventually positive and proper on Σ, then Σ is recurrent.
For a proof, simply observe that if O ⊂ Σ is a nonempty open set with smooth boundary, then the function φ restricted to Σ \ O is also eventually positive and proper on Σ\O, and therefore the maximal surface with boundary Σ\O is parabolic by our main result.
Entire maximal graphs and a Calabi-Bernstein type theorem
Let Ω ⊆ M 2 be a connected domain. Every smooth function u ∈ C ∞ (Ω) determines a graph over Ω given by Σ(u) = {(x, u(x)) : x ∈ Ω} ⊂ M 2 × R 1 . The metric induced on Ω from the Lorentzian metric on the ambient space via Σ(u) is given by
Therefore, Σ(u) is a spacelike surface in M 2 × R 1 if and only if ∇ u Consider Ω ⊆ M a connected domain and let x 0 ∈ int(Ω). We will say that Ω is starlike with respect to x 0 if for every x ∈ Ω there exists a (non-necessarily unique) minimizing geodesic segment from x 0 to x which is contained in Ω. Obviously, if M is a complete Riemannian surface, then M itself is starlike with respect to any of its points.
Proposition 7. Let M 2 be a complete Riemannian surface and let Σ(u) be a spacelike graph over a domain Ω which is starlike with respect to some point x 0 ∈ int(Ω). Then the function φ = r 2 − h 2 is eventually positive and proper on Σ(u).
Proof. We may assume without loss of generality that u(x 0 ) = 0. Since Σ(u) is homeomorphic to Ω (via the standard embedding x ∈ Ω ֒→ (x, u(x)) ∈ Σ(u)), and the thesis of our result is topological, it is equivalent to prove that the function ϕ =r 2 − u 2 is eventually positive and proper on Ω. Consider
Firstly, we will prove that ϕ is positive for every x ∈ Ω − {x 0 }. That is, we are going to see that
For a given x = x 0 , consider γ : [0, ℓ] → Ω a minimizing geodesic segment such that
Therefore, −1 < u ′ (s) < 1 for every 0 ≤ s ≤ ℓ =r(x), and integrating we obtain
Consequently, ϕ(x) > 0 and (x, u(x)) ∈ int(W) for every x ∈ Ω, x = x 0 . It remains to prove that ϕ is proper. Let us consider on M 2 × R the standard Riemannian metric, , M + dt 2 , and let us denote by dist + (, ) the distance related to this Riemannian metric. Let us see now that
for every (x, t) ∈ W. Observe that ∂W can be decomposed into ∂W = ∂W + ∪ ∂W − where ∂W + = {(x,r(x)) : x ∈ Ω} and ∂W − = {(x, −r(x)) : x ∈ Ω}.
Therefore,
Expression (19) is clear for x = x 0 (and necessarily t = 0). For a given x = x 0 , let γ : [0,r(x)] → Ω be a minimizing geodesic segment such that γ(0) = x 0 , γ(r(x)) = x. We will compute first dist + ((x, t), ∂W + ). Since γ is minimizing, for every s ∈ [0,r(x)] we haver(γ(s)) = s, so that (γ(s), s) ∈ ∂W + and
Observe that this expression attains its minimum at s 0 = (r(x) + t)/2, and
We claim that dist + ((x, t), ∂W + ) is given by (20). In fact, for every y ∈ Ω we have that
With a similar argument for ∂W − ,
Thus, (19) follows from (21) and (22). Let x ∈ Ω, x = x 0 , and let γ : [0,r(x)] → Ω be a minimizing geodesic segment such that γ(0) = x 0 , γ(r(x)) = x. Write u(s) = u(γ(s)). Then (γ(s), u(s)) ∈ W and by (19) we have that Now we are ready to prove that ϕ is proper on Ω. Since Ω = B δ ∪ (Ω \ B δ ) with B δ compact, it suffices to prove that ϕ| Ω\B δ is proper on Ω \ B δ . Let f : Ω → Ω × R be the standard embedding, f (x) = (x, u(x)), and letφ : Ω × R → R defined bȳ φ(x, t) =r 2 (x) − t 2 . Observe that f is trivially proper for if A ⊂ Ω × R is compact, then
is compact, where π 1 : Ω × R → Ω and π 2 : Ω × R → R are the projections. By (24) we have that f (Ω \ B δ ) ⊂ U = {(x, t) ∈ W : dist + ((x, t), ∂W) ≥ ε}.
Therefore, ϕ| Ω\B δ =φ| U • f | Ω\B δ . Note that the map f | Ω\B δ : Ω \ B δ → U is proper. In fact, for every compact set A ⊂ U we see that (f | 
